APPENDIX TO THE PAPER "ON THE PROJECTIVE
EMBEDDINGS OF GORENSTEIN TORIC DEL PEZZO
SURFACES”

T. KIKUCHI AND T. NAKANO

APPENDIX

This is an appendix to our paper ”On the projective embeddings of Goren-
stein toric del Pezzo surfaces”. In this appendix, we summarize the computa-
tional data of the 16 complete toric Gorenstein del Pezzo surfaces Sy, -, Sig
for the proof of Theorem 2.1 of the paper. For the notations and terminology,
see the main text. In the following, we write CDiv(S), PDiv(S) instead of
T-CDiv(S), T-PDiv(S) etc. for short (thus CDiv(S) is the group of T-stable
Cartier divisors of S and PDiv(S) the subgroup of principal ones).

In the case of S; for i = 10,11, 13, 14,16, .S; is smooth and is a blowing-up
of P? or P! x P! at two points at most. In these five cases, the computation
is easily done without toric geometry.

We also note that the defining equations of the minimal embedding given
below are minimal in the sense that no member of them cannot be omitted.
But in the non complete intersection cases, we do not know if the number of
the defining equations are minimal or not.

(1) S =851 case:
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o CDiv(S) = ZfiDZf2PZf3, where f1 = (1,—1,2,1,0,0), fo = (1,0,1,0,1,0), f3 =
(-1,2,-2,0,0,1).
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PDiv(S) = Zej @ Zea, where e; = (1,0,1,0,1,0) = f2,e2 = (0,1,0,1,0,1) =
fi+ fs.

Pic(S) = CDiv(S)/PDiv(S) ~ ZO(—f3).

—Ks=0((0,-1,1,1,-1,0)) = O(f1 — f2) = O(—f3), index = 1.

1/3 1/3 1/3
e ((Di,Dy)) = <U3 1/3 lﬁﬁ’[ﬁ]=lh+4D22D&[ﬁﬂ2=(D1+4D2
1/3 1/3 1/3

2D3)% = 3.

3 3
o WO(mO(—f3)) = 5m2+5m+1, deg(mO(—f3)) = 3m2, AC(S) = {a > 0|a € Z}.
minh? =4 at m=1=—Kg, mindeg=3 at m=1= —Kg.

e minimal embedding: S = {x% —x1xax3 =0} C P3, with 3 Aa singularities.

(2) S =53 case:

7

[ep
T2 Vv, = (3.1
U= g

\ ¥y = (1)
T,

73

R2 RQO A2

e CDiv(S) = Zf1®Zf2DZf3, where f1 = (1,—1,2,2,0,0), fo = (0,1,—1,—-2,1,0), f3 =
(0,1,0,1,0,1).
PDiv(S) = Ze1 @ Zea, where e; = (1,0,1,0,1,0) = f1 + f2,e2 =(0,1,0,1,0,1) =
f3.

Pic(S) = CDiv(S)/PDiv(S) ~ ZO(f1).
K = O((0,~1.1,2,—1,0)) = O(—f2) = O(f1), index = 1.
1/4 1/4 1/2
‘«DhDﬂ)<U4 1/4 10),Uﬂ4D%LﬁP1NDﬂ24
/2 12 1

o WO(mO(f1)) = 2m? + 2m + 1, deg(mO(f1)) = 4m?2, AC(S) = {a > Ola € Z}.
minh® =5at m=1= —Kg, mindeg=4 at m=1=—Kg.

e minimal embedding S2 = {z123 — 222 = 0,224 — 202 = 0} C P4, with 1 As-
singularity and 2 A;-singularities.

(3) S = S3 case:
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e CDiv(S2) = Zf1®Zfo®DZf3, where f1 = (0,-2,3,-2,0,0), fo = (1,0,1,0,1,0), f3 =
(0,-1,3,-1,0,1).
PDiv(S2) = Zey ® Zez, where e; = (1,0,1,0,1,0) = f2,e2 = (0,1,0,1,0,1) =
—f1+ f3.
Pic(S) = CDiv(S)/PDiv(S) ~ ZO(f3).
—Kg = O((,L -1,2,—-1,-1, 1)) = O(ffz -+ f3) = O(f3), index = 1.

2/3 1 1/3
o (Ds, D)) = ( L 3/2 1/2), [fs] = D2 + 3D, [f3]> = 6.
1/3 1/2 1/6

o hWO(mO(f3)) = 3m? + 3m + 1, deg(mO(f3)) = 6m2, AC(S) = {a > Ola € Z}.
minh? =7at m=1=—Kg, mindeg=6at m=1=—Kg.

e minimal embedding S3 = {z123 —292 =0,z124 — 220 = 0, T125 —m% =0,x2x4 —

z3xg = 0,z205 — xaxo = 0,206 — T520 = 0,375 — 242 = 0,z326 — Tax5 =
0,z4z6 — 252 = 0} C P%, with 1 A;-singularity and 1 Ag-singularity.

(4) S =S4 case:
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(] CDIV(S) = Zf1 ®Zfs ® Zfs & Zfs, where f1 = (71,1,71,1,0,07 0, 0),f2 =
(0,0,1,1,1,1,0,0), f3 = (1,0,1,0,1,0,1,0), fa = (1,0,0,-1,—1,0,0,1).
PDiv(S) = Ze1®Zea, wheree; = (1,0,1,0,1,0,1,0) = f3,e2 = (0,1,0,1,0,10,1) =
fi+ f2+ fa.
Pic(S) = CDiv(S)/PDiv(S) ~ ZO(f1) ® ZO(f4).
—Kg=0((0,-1,1,0,0,1,—-1,0)) = O(—f1 + f2 — f3) = —20(f1) — O(fa), index
=1.



0 1/2 0 1/2

/2 0 1/2 0
0 1/2 0 1/2
/2 0 1/2 0
[A]? =0, [1][fa] = 2, [fa]* = —4.

o ((Di,Dy)) = , [fi] = =2D2, [fa] = —D1+D2— D3+ Dy,

o hW0(aO(f1) + bO(f1)) = 1 — a + 2ab — 2b2, deg(aO(f1) + bO(f1)) = 4ab — 4b2,
AC(S) = {(a,b) € Z%| —a+b>0,—b> 0}.
min A% =5 at (a,b) = (=2, —1) = —Kg, mindeg = 4 at (a,b) = (—2,—1) = —K3.

e minimal embedding Sy = {z123 — 202 = 0,mox4 — 202 = 0} C P4, with 4
Ajsingularities.

(5) S = S5 case:
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o CDiv(S) = Zf1 ® Zfo ® Zfs & Zfs, where f1 = (1,2,—3,0,—3,0,0,0), fo =
(0,0,2,1,2,0,0,0), f3 = (0,—2,4,0,4,0,1,0), fs = (0,1,-2,0,—2,1,0,1).
PDiv(S) = Zey @ Zea, where e = (1,0,1,0,1,0,1,0) = f1 + f3,
ez =(0,1,0,1,0,1,0,1) = fo + fa.

Pic(S) = CDiv(S)/PDiv(S) ~ ZO(f3) ® ZO(f4).
—Kg = O((,L -1,1,0,1,1,0, 1)) = O(ffl + f4) = O(fg) + (9(‘)“4)7 index = 1.

/6 1/2 0o 1/3

12 —1/2 1 0
* (D, D) = é 1/ —1/2 1/2
/3 0 /2 1/6
[f3] = 4D1 + 4D2 — 2Dy, [f4] = —2D1 — 2D2 + D3 + Da, [f3]? = 6,[f3][f4] =
0, [f4}2 = —2.

o h0(aO(f3) +bO(f1)) = 1+ 3a — b+ 3a2 — b2, deg(aO(f3) + bO(f1)) = 6a? — 22,
AC(S) = {(a,b) € Z%|2a — b > 0,b > 0,3a — 2b > 0,a > 0}.
min h% =5 at (a,b) = (1,1) = —Kg, mindeg = 4 at (a,b) = (1,1) = —K5.

e minimal embedding S5 = {z122 — 2320 = 0,2324 — 202 = 0} C P%, with 2
Aj-singularities and a Az-singularity.

(6) S = Se case
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e CDiv(S)=Zf1 ®Zf» ® Zf3 & Zfa, where f1 = (0,3,0,3,1,0,0,0),
f2=(0,1,0,1,0,1,0,1), f3 = (0,-2,1,-3,0,0,0,0), f4 = (1,-1,0,0,0,0,1,0).
PDiv(S) = Zei & Zez, where e; = (1,0,1,0,1,0,1,0) = f1 + f3 + fa,e2 =
(0,1,0,1,0,1,0,1) = fo.
Pic(S) = CDiv(S)/PDiv(S) = ZO(f3) ® ZO(f4).
—Kg = O((fl,o, 1,—-2,0,1,—1, 1)) = O(fg + fz — f4) = O(fg) — O(f4), index

=1.
—1 1 0 1
s (D)= | o Vha Ve 1) |l = 2D (fs] = =Dy, [ = 2, gl ] =
1 0 1/3 -1/3
2, [fif2 = 1.

o h0(aO(f3)+bO(f1)) = 14+ 2a—b/2—2ab+a? — (1/2)b?, deg(aO(f3) +bO(f1)) =
2a2 — 4ab — b2.
AC(S) = {(a,b) € Z%|2a +b > 0,a—b > 0,a > 0,—b > 0}.
min A% = 6 at (a,b) = (1,—1) = —Kg, mindeg = 5 at (a,b) = (1,—1) = —Kg.
e minimal embedding S¢ = {z123 — xazg = 0,z124 — 202 = 0,z224 — T3T0 =
0,205 — T4x0 = 0,325 — 42 = 0} C P?, with 1 Aj-singularity and 1 Ao-
singularity.

(7) S = S7 case:
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o CDiv(S) = Zfi © Zfs ® Zfs @ Zf1, where fi = (—2,0,0,1,0,0,—2,0), f» =
(2,1,0,0,0,0,2,0), f3 =(1,0,1,0,1,0,1,0), fa = (0,0,0,0,0,1,0,1).
PDiv(S) = Ze1®Zez, wheree; = (1,0,1,0,1,0,1,0) = f3,e2 = (0,1,0,1,0,1,0,1)
=fi+ fa+ fa
Pic(S) = CDiv(S)/PDiv(S) = ZO(f1) ® ZO(f1).
—Kg = O((_L -1,1,0,1,1, -1, 1)) = O(_fQ + f3+ f4) = O(fl) + 20(f4)7 index
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1/2 1/2 0
1/2 0 1/2
0 1/2 -1/2
1 0 1
-2, [fl][f4] =2, [f4]2 =0.

o ((Di, Dy)) = o [f1] = 2D1 — 2D2, [fa] = Da, [f1]* =

O = O =

o h0(aO(f1) +bO(f1)) = 1+ a+b—a?+ 2ab, deg(aO(f1) +bO(f1)) = —2a> + 4ab.
AC(S) = {(a,b) € Z%|b > 0,a > 0, —a + b > 0}.
minh% =7 at (a,b) = (1,2) = —Kg, mindeg = 6 at (a,b) = (1,2) = —K5.

e minimal embedding S7 = {z1z2 — 2320 = 0,2124 — 220 = 0,2125 — x02 =

0,222 —z334 = 0, 3225 — 2470 = 0, T276 — 520 = 0, 2375 —T2T0 = 0, T3T6—T02 =
0,476 — 252 = 0} C PO, with 2 Aj-singularities.

(8) S = Sg case:
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e CDiv(S) =Zf1®Zf2®Zf3sDLfs®Zfs5, where f1 = (2,0,0,0,1,1,2,0,2,0), f2 =
(-1,1,0,1,-1,0,-1,0,-1,0), f3 = (-2,0,0,0,0,0,—1,1,—2,0),
fa=(,0,1,0,1,0,1,0,1,0), fs = (1,0,0,0,0,0,0,0,1,1).

PDiv(S) = Ze1 ® Zea, where e; = (1,0,1,0,1,0,1,0,1,0) = fa,

e = (0,1,0,1,0,1,0,1,0,1) =fi+fo+ f3+ f5.

Pic(S) = CDiv(S)/PDiv(S1) = ZO(f1) ® ZO(f3) ® ZO(f5).

-Ks = O((_L_l’ov_l,lvo’ 0)17_170)) = O(_fQ + f3) = O(fl) + 2O(f3) +
O(fs), index = 1.

-1 1 0 0 1
1 -1 1 0 0

e (Di,D)=|0 1 =172 1/2 0 |,[fi]=—-2D142Ds—2Ds, [f3] =
o o0 1/2 0 1/2

10 0 1/2 -1/2
2Dy +2Ds, [fs] = —D1.
For orthogonalization Fi := O(f3) +20(f5), F2 := O(f1), F3 := —O(f3) — O(f5).
Then F12 = 22 = -2, F32 =1, (F;, Fj) =0(i # j). —Ks = —F1 + F» — 3F;.

o hWO(aF;+bFy+cF3) = 14+a—b—(3/2)c—a? —b%+(1/2)c?, deg(aF1 +bFa+cF3) =
—2a% — 2b% + 2.
AC(S) = {(a,b,c) € Z3| —a>0,b>0,2a —c > 0,—2b—c > 0}.
min h° = 6 at (a,b,¢) = (—1,1,—-3) = —Kg, mindeg = 5 at (a,b,¢) = (—1,1,-3) =
6



~Ks.

e minimal embedding Ss = {z1z3 — 202 = 0,z125 — Tax0 = 0,20m4 — o2 =
0,x0x5 — x3x0 = 0,2324 — x50 = 0} C P5, with 2 A;-singularities.

(9) S = Sy case:
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e CDiv(S) = ZHA®Zf2DZf3DZfsDZf5, where f1 = (0,2,0,2,—-1,1,0,0,0,0), fo =
(0,-1,0,-1,1,0,1,0,0,0), f3 = (0,—1,0,—1,1,0,0,1,0,1),
fa=1(0,1,1,1,0,0,0,0,0,0), f5 = (1,0,0,0,0,0,0,0, 1,0).

PDiv(S) = Zey @ Zea, where e; = (1,0,1,0,1,0,1,0,1,0) = fo + fa + f5,e2
(0,1,0,1,0,1,0,1,0,1) = f1 + f3.

Pic(S) = CDiv(S)/PDiv(S) = ZO(f3) ® ZO(f1) ® ZO(fs5).
—Kg=0((-1,-1,0,-1,1,0,0,1,-1,1)) = O(f3) — O(f5), index = 1.

-1 1 0 0 1
1 -1/2 1/2 0 0

e (DiDj)=]0 1/2 —=1/2 1 0|, [fs]=D1+ D2+ D3+ Dy, [fa] =
0 0 1 -1 1
1 0 0 1 0

=D, [fs] = —Ds.
For orthogonalization Fy := O(f3), F» := O(f1), F3 := —O(f3) — O(f1) — O(f5).
Then F12 = 2,2 = F32 = -1, (F;, F;) =0(i # j). —Kg =2F| + F> + F5.

o hO(aFy +bFy+cF3) =1+2a—(1/2)b—(1/2)c+a?— (1/2)b? — (1/2)c?, deg(aFy +
bfa + cF3) = 2a% — b% — .
AC(S) = {(a,b,c) € Z3|b>0,a—b>0,a—c>0,c>0,2a —b—c> 0}
minh® = 7 at (a,b,c¢) = (2,1,1) = —Kg, mindeg = 6 at (a,b,c) = (2,1,1)
—Ks.

e minimal embedding Sg = {z123 — zaxo = 0,z124 — 202 = 0,z125 — TeTo
0, zox4 —x320 = 0, xox5—L4x0 = 0, Toxe—x02 = 0, x3x5 —x42 = 0, T3T6 —TaTo =
0, 2426 — 520 = 0} C PS, with 1 Aj-singularity.

(10) S = Sio case:
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e S=510=Qp, P, (P! x P1), the blowing-up of P! x P! at two points Pi, Py not
lying on a ruling line. Let w : S — P! xP?! be the projection and E; the line bundle
corresponding to the exceptional curve 7~ 1(P;) (i = 1,2). Pic(P! x P1) = Zl; @
Zl, where I; ;= p}(Op1(1)), ps : P! x P! — P! the projection to the i-th factor
(i =1,2). Set L; := n*(l;) € Pic(S). Then Pic(S) = ZL1 @ ZLy & ZE| & ZE»,
where 112 = Lo? = 0,F12 = E22 = —1,(L1,L2) = 1,(E1, E2) = 0, (L, Ej) =
0 (6,5 =1,2).

Kg =—-2L1 —2L2 + Ey1 + E2, index = 1.

o h9(aLy +blLy+cE) +dEy) =1+a+b+c/2+d/24+ab—c?/2—d?/2, deg(aly +
bLa + cEy + dE2) = 2ab — ¢ — d2.
AC(S) = {(a,b,c,d) € Z5| —c > 0, —d > 0,b+c > 0,a+c > 0,b+d > 0,a+d > 0}.
minh® = 7 at (a,b,c,d) = (2,2,—1,—1) = —Kg, mindeg = 6 at (a,b,c,d) =
(2,2,-1,-1) = — K.

e minimal embedding S19 = {122 — 2320 = 0,2174 — T2 = 0,126 — T5T0 =
O,x2x57:1:02 = 0,x2x6 —x420 = 0,324 —T220 = 0, 375 —T120 = O, x3x67x02 =
0, z425 — zexo = 0 C PY. S1¢ is smooth.
(11) S = S11 case:
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e S=0511 P2
Pic(S) = ZL, where L = Op2(1),L? = 1.
Kg =-3L, Kg’ = —L, index = 3.

o h0(aL) =1+ (3/2)a + a?/2, deg(al) = a?.
AC(S)={a€Z|a>0}.
minh? =3 ata=1=—-Kg', mindeg=1lata=1=—-Kg'.

e minimal embedding S1; = P2. Si1 is smooth.



(12) S = Si2 case:
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e CDiv(S) = Zf1 B Zf> & Zfs, where f1 = (=2,1,-2,0,0,0,), f2 = (1,0,1,0,1,0),

f3 = (2701 2,1,0, 1)

PDiv(S) = Ze1 ® Zea, where e; = (1,0,1,0,1,0) = f2,e2 = (0,1,0,1,0,1)

= f1+ f3.
Pic(S) — CDiv(S)/PDiv(S) = ZO(f3).

—Kg = O((l, —-1,1,1,-3, 1)) = O(—fl —3fa+ f3) = 20(f3), index = 2.

/2 1/2 1
e (Di,Dy)=|1/2 1/2 1|, [fs] = —2D1+2D2+ D3, [f3]* =2.
1 12

RO (mO(f3)) = m? 4+ 2m + 1, deg(mO(f3)) = 2m?2.
AC(S) ={a>0]a € Z}.

minh? =4at m=1=—Kg', mindeg=2at m=1=—Kg'.

e minimal embedding S12 = {zoz1 — 22 = 0} C P3, with 1 Aj-singularity.

(13) S = Si3 case:
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Pic(S) = ZL1 ® ZLa, where L; := p} (Op1(1)), p; : P! x P! — P! the projection

to the i-th factor (i = 1,2).
K¢ = —2L1 — 2Ly, Kg'

—Lj — Lo, index = 2.

hO(aLi +bLy) =1+ a+ b+ ab, deg(aLy + bLs) = 2ab.
AC(S) = {(a,b) € Z%|a > 0,b > 0}.

minh® =4 at (a,b) = (1,1) = —Kg’, mindeg = 2 at (a,b) = (1,1) = —Kg'.



e minimal embedding: Si3 = {zox1 — w223 =0} C P3. Si3 is smooth.

(14) S = S14 case:
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o S =514 = Qp(P?), the blowing-up of P? at a point P.
Pic(S) = ZL @ ZE, where 7 : S — P? is the blowing-up at P, E is the line
bundle associated to the exceptional divisor, and L = 7*(Op2(1)). L2 =1,E? =
—1,LE =0.
Kg = —-3L+ F, index = 1.

o hWO(aL+bE) =1+ (3/2)a+b/2+a%/2—b2/2, deg(aL + bE) = a® — b2.
AC(S) ={a,b€ Z?|a+b>0,-b > 0}.
minh® =5 at (a,b) = (2,—1) # —Kg, mindeg = 3 at (a,b) = (2,—1) # —Kg.

e minimal embedding: Si14 = {zoz1 — z2z3 = 0,212 — z324 = 0, 2074 — T1T2 =
0} C P%. Si4 is smooth.

(15) S = Si5 case:
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(] CDIV(S) =Zf1 DZfs®Zfs D Zfs, where f1 = (0,0, 1,1,1,0, 1,0),
f2=1(0,0,0,0,0,1,-2,0), f3 = (1,0,0,—1,0,0,0,0), f4+ = (0,1,0,1,0,0,2,1).
PDiv(S) = Zey ® Zea, where e; = (1,0,1,0,1,0,1,0) = f1 + f3,
e2 =(0,1,0,1,0,1,0,1) = fo + fa.

Pic S = CDiv(S)/PDiv(S) = ZO(f3) ® ZO(f4).
—Kg=0((0,-1,1,0,1,1,-3,-1)) = O(f1 + f2 — fa) = —O(f3) — 20(f4), index
=1.

10
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-1, [f3][f4] =0, [f4]2 =2.

o ((Di, Dy)) = , [fs] = D1, [fa]l = —D1 — Da, [f3)? =

== O =

o h0(aO(f3)+bO(f1)) = 14+a/2—2b—a?/2+b2, deg(aO(f3)+bO(f1)) = —a?+2b2.
AC(S) = {(a,b) € Z%| —a > 0,a—b>0,—b>0,a — 2b > 0}.
min A% = 8 at (a,b) = (—1,—2) = —Kgs, mindeg = 7 at (a,b) = (—1,—2) = —K3.

e minimal embedding Si5 = {z1z3 — 202 = 0,z124 — x520 = 0,T1%6 — TaTo =

0,z1x7 — xex0 = 0,204 — 202 = 0,z2005 — x120 = 0,206 — 320 = 0, X277 —

232 = 0,x324 — ez = 0,23%5 — x4x9 = 0,326 — x7xg = 0,242 — T5T6 =

0, 2426 — 527 = 0, 2427 — 262 = 0} C P7, with 1 A;-singularity.

(16) S = S16 case:
72

o, o,

V7 0.1)
vy (1.0
I I / & ) gl

v L) Ve (0.-1)

o,
O
o,

T4
7s

Ry Ri6° AT
e S="516=Qp, P, (P2), the blowing-up of P2 at two points Py, Ps.
Pic(S) = ZL ® ZE, ® ZE>, where 7 : S — P? is the blowing-up, E; is the
line bundle associated to the exceptional divisor (i = 1,2), and L = 7*(Op2(1)).
L2 =1,E2=—-1,(E1,E2) =0,(L,E;) =0 (i = 1,2).
Kg = —-3L+ E1 + E2, index = 1.

o WO (aL+bEi+cE2) = 1+(1/2)(3a+b+c)+(1/2)(a®—b%—c?), deg(aL+bE1 +cEs) =
a? — b2 — 2.
AC(S) = {(a,b,c) €Z3| —b>0,—c>0,a+b+c >0}
minh® = 8 at (a,b,c) = (3,—1,—1) = —Kg, mindeg = 7 at (a,b,¢c) = (3,—1,—1) =
—Kg.

2

e minimal embedding: Sis = {z123 — z220 = 0,2124 — z0* = 0,125 — T6Xo
0,z126 — z7x0 = 0,204 — 320 = 0,225 — xax0 = 0,T2T6 — 202 = 0,zox7 —
z1z0 = 0,2325 — 242 = 0,233 — 2420 = 0,23%7 — 202 = 0,24%6 — T5T0 =

0,z427 — z6x0 = 0,507 — z62 = 0} C P7. Sy is smooth.
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